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Whittaker [1] established a suggestion for plane periodic orbits, described
by a material point under the action of Newtonian centers of attractlon.
According to this suggestion a certaln singular integral, distributed on the

surface bounded by the closed orbit, is equal to the number of the attractlon
centers minus two.

In the followlng, Whittaker's formula 1s generalized for more general
force fields when the attraction force is a certain function of distance, as
well as for the force fields when the attraction by any center 1i1s inversely
proportional to the nth degree of the distance. Such flelds, in particular,

were considered by Routh [2] and Liapunov [3] in the stability studiles of
the three body problem.

l. Let a point WN(x, y) of unit mass (m = 1), moving in a plane force
field created by & centers of attraction located at the poilnts 0, (j = 1,
2,..., 8) with the potentiais

V]-=—A]-/r].“ (AJ.>0) (1.1)
perform a perlodic motion by moving on a certain closed orbit o . If the
differential equation for the trajectory of plane motions [4] 1s used, and
if an angle }(x, y) formed by the velocity vector and the positive direction
of the x=axls 1s introduced, then we obtain
P __6(I)dz 6¢)d

Y= %y oz WY (1.2)
(®=ln VZE—V (=, 9))

where % 13 constant energy, and V(x, y)
1s the potentlial of the force fileld formed
by all attraction centers located inside as
well as outside the orbit o .

It follows from Formula (1.2) that
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Z(-<§>a_ydx—a—xdy=1 (1.3)
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Let us separate, inside the orbit . , small reglons bounded by the cir-
cles vy, ({ =1, 2, ..., k) with small radius ¢ and with centers at 0,
(Fig.ls. n the thus obtalned nonsimply connected region o¢* bounded by the
contour I {contour I consistes of the contour e¢ and the contours \7
traversed so that the region o* reamains at left), the function

D (z, ) = n V2(h —V(z,y)

will be continuous with a doubly continuous derivative and, consequently,
on the strength of Green's theorem we get
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Decreasing the radii of the vy, circles which enclose the attractlon cen~
ters ¢,, and passing to the 1im1£ for p - O at the right-«hand side in
(1.4) we get an integral distributed over the entire surface ¢ bounded by
the the contour « and, consequently, on the strength of (1.3) there results

k

. O
=N == ({20 @ yazay (1.5)

i1 (o)
where k% 1s the number of attraction centers located inside the orbit, and
. o0 ad
Ji:il_l:; @ *a“z}'dx“‘ 'E'E(iy (1,6)
(v}

Let us express the expansion of the potential V¥ in the neighborhood of
the singular point ¢, taken as the origin of the coordinates

V)= — A/ mt V() (4;30)

Here V,(r) is an integral function of 7 . Utillzing the expression for
the funcsion @{x, y) it 1s not difficult to obtain the expessions

—nAx(d+0(™) nz
G4 == > = — 55
2 (h - A 1™ — Vi (r)) 2rt
0 —ndy(d +0e™) _ oy
T2 (o Ay — V() 2

where 0(r®**1) denotes terms of the r**' order of magnitude. Using these
expansions we obtain

..n
Jj-=}‘.li‘l‘§2? @)(xdymydx = nn (.7
(v
i

and, consequently, on the strength of (1.5} we obtain the generalized Whit-
taker"™s formula
1”(32‘{‘62)1 h—V do dy = kn — 2 (1.8)
5 W\ (G + ) I B —V (o, )} dody = hn 2 :
(o}
For the Newtonlan attraction force field n =1 , and Formula (1.8)
becomes Whittaker's formula. It is worth noting that Formula (1.8) is valid
for the fractional values of n as well.

2. 1t is not difficult to see that Formula (1.8) also retains its form
in the case when the potential V, of the attractlon center 0y{x;, w,) 1s

a more general expression .
T—
A

s A
Vo= i+ D) —”’“) (2.4)
/ . m
T \ mgrj
In particular, the potential of such a form, will be for the points lying
in the equatorial plane of a spherold if the known [5] expansion of the

potential for the spheroid 1s an incomplete series.
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Thus, for example, if the orbit of an equatorial satellite of the Earth
is considered, then the potential V , accurate to terms of first order of
magnitude with respect to Earth oblateness, 1s of the form V = 4/r + p/r3,
The flelds of the form (2.1) are also used in atomic physics where the elec-
tron m tion in the field of a nucleus 1s considered when studying the fine
spectral structure [7].

For the potential V(x, y) of a farce field formed Ly all the centers of attrac-
tion 0, (f =1, 2, ..., 8) with the potentials V¥, {2.1), the expansion in
the neighborhood of some singular point 0,, taken as the origin of the
coordinates, will be of the form

n

Ve =3 G 2.2)
m=]

where r 1is the distance from the point M(x, y) to the center of attraction
0,, and v, (r) is an integral function of r . Proceeding as in the case

for the attraction centers with potentials v, (1.1), we again obtain the
generalized Whittaker's formula (1.8).

3, Let us consider the fields formed by the logarithmic potentials

Vj = A] lll r]. (rj = V(CL‘ - ”j)z + (y — yj)z) (31)

Since for the potential V = V;+ ... + V, the expansion in the neighbor-
hood of some attraction center 0, which 1s taken as the origin of the coor~
dinates, 1s of the form

V() =4A;lnr-+V,(r) (3.2)
where V,(r) 1s an integral function of r . Therefore
—Az(140(r) —Ay (U +0(r)
O = A, Inr =V () ’ T 2P G— A r = Vi)
where 0(r) denotes terms of order of magnitude r , and the integral (1.6)
71 @ A;(zdy —y dz) ] nA;
J_ri-;) & 2r2(h—-AJ.lnr—V1(r)) - }‘1_13 h—'Ajlllr—Vl(r) =0 (3.3}
j

Consequently, on the strength of (1.5) and (3.3), the generalized Whit-
taker's formula becomes

1 a b
-27§$ (5,,—, + TyT) In{h—V(z, y)}dzdy =—2 (3.4)

l1.e. for the case of a field formed by logarlithmic potentlals, the integral
consldered retains a constant value and is independent of the number &k of
the attraction centers (; located inside the closed orbit o
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